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On the repulsion of an interface
above a correlated substrate

Daniela Bertacchi and Giambattista Giacomin

Abstract. Weanalyze amodel of an interface fluctuating above arough substrate. Itis
based on harmonic crystals, or latticefreefields, indexed by Z¢, d > 3. Thephenomenon
for which we want to get precise quantitative estimates is the repulsion effect of the
substrate on the interface: the substrate is itself a random field, but its randomness is
quenched (this generalizes the widely considered case of aflat deterministic substrate).
With respect to [2] in which the substrate has been taken to be an 11D field, here the
substrate is an harmonic crystal, as the interface, and as such it is strongly correlated.
We obtain the leading asymptotic behavior of the model in the limit of avery extended
substrate: we show in particular that, to leading order, the effect of an 11D substrate
cannot be distinguished from the effect of an harmonic crystal substrate. We observe
however that, unlike in the 11D substrate case, annealed and quenched models display
sharply different features.

Keywords: harmonic crystals, entropic repulsion, Rough substrates, Quenched and
Annealed models.

Mathematical subject classification: 82B24, 60K 35, 60G15.

1 Introduction
1.1 Hard (flat) walls and interfaces

Let o = {¢y},ez¢,d > 3, beacentered Gaussian field with

E @] = G(x,y), (1.2)

where G(x,y) = Y 72 oP(X, = y|Xo = x), X = {X,},—01.. isasimple
nearest neighbors random walk on Z¢, so G(-, -) is the Green function of the
walk.
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We will refer to ¢ as harmonic crystal. A d—dimensional harmonic crystal
may be viewed as avery simple model of amicroscopic interfaceina(d + 1)—
dimensional space. One of courseis interested also in the cases of d = 1 and
d = 2, but in these cases the walk is recurrent and the Green function exists
only if boundary conditions are imposed: thisis not just a mathematical tech-
nicality, but it is connected to important modelization aspects and the observed
phenomena are often quantitatively and qualitatively different. In short, we look
at rigid interfaces, as opposed to the rough harmonic crystal interfacesin lower
dimension: we refer to [1], [7] and [12] for several details and further litera-
ture on these aspects. Here we mention the fact that much interest has been put
into understanding quantitatively the effect of a hard wall, or of a more general
forbidden region, on an interface. What one observes is a surprisingly strong
repulsion effect, which goes under the name of entropic repulsion. Mathemati-
cally entropic repulsion poses very challenging and, to a certain extent, atypical
problems connected to classical topicslike Large Deviations and the analysis of
extrema of random fields.

L et us be concrete and briefly review the precise results provenin [6]: chosen
a bounded connected open set D c R¢ containing the origin and such that 9 D
is piecewise smooth, we consider the event

QY ={p: ¢, > 0forevery x € Dy}, (1.2

where Dy = ND N Z?. We are of course committing abuse of notation by not
di stingui shing between random variables and numerical variableswhen referring
to ¢ (and later on when referring to o). The capacity of D plays for us an
important role and we recall its definition(s):

Cap(D) = inf {%H&f”% . f e CPRY[0,00)), f(r)=1fordlre D}

— s (fD f@) dr)2
rer=m) [ pe @) ) Ralr — /|2~ dr dr’’

1.3
inwhich 8 denotesthe gradient inR?, || - ||, isthe L?—norm of - and
Ry = lim |x|72G(0, x) € (0, 00). (1.4)

See eg. [4] for aproof of the equivalence of the two formulas for the capacity
in (1.3). A proof of the existence of the limit in (1.4) can be found for example
in [13]. Thefollowing result is proven in [6]:
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Theorem 1.1. Set G = G(0, 0).

(1) the Laplace asymptotics of the probability of 2}, is known:

. 1 .
]JLmOO NiZlogN logP (R2,) = —2GCap(D) (1.5)

(2) Foranya < /4G <bandanye >0

lim P ( > L (/109N ) = (= &) Dy

N—o00
xeDy

Q;) —0. (1.6)

A few comments;

« It should be clear that P( - |2},) yieldsamodel for an interface above aflat
hard wall.

» Thefirst result, formula (1.5), should attract attention in particular for its
anomal ousnormalization. The N9~—2 termisdirectly connected to the slow
decay of the correlations and it is aready present for examplein [4]. The
log N correction is more mysterious and, in asense, it catches the essence
of the repulsion phenomenon, see the next point.

» The second result, formula (1.6), istelling usthat the interfaceis repelled
to infinity with a speed proportional to 4/logN. It is this anomalously
large repulsion that is responsible for the logarithmic correction in the
speed of the Laplace asymptoticsin (1.5).

» Catching the precise asymptotics has required a sharp understanding of
the repulsion mechanism and thisisinteresting in itself.

» An aternative approach to harmonic crystals is the Gibbsian one, see
[11, Ch. 13] and [12]. In particular the field ¢ that we defined isthe only
centered extremal Gibbs measure with respect to the (formal) Hamiltonian

H((p) = é Z ((px - (py)z . (17)

x,yilx—y|=1

Thisfield may be obtained from finite volume Gibbs measures with zero
boundary conditions by taking infinite volume limits. Notice that the
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model is extremely sensitive to the boundary conditions: for instance set-
ting the boundary conditions equal to a non zero constant one obtains a
different limit measure. Thisis a consequence of the continuum symme-
try enjoyed by (1.7), that can be restated by saying that the Hamiltonian
depends on the gradient of ¢ and not on ¢ itself. This symmetry plays of
course a central role in the entropic repulsion phenomenon. We refer to
[8] for an analog of Theorem 1.1 in presence of boundary conditions.

1.2 Rough substrate: thellD case

Of course there is no reason to limit the attention to perfectly flat walls. In a
recent work [2] we concentrated our attention on the case in which the wall is
flat only on average, but local fluctuations are allowed. More precisely the level
below which ¢ cannot go is site dependent and it is given by atypical realization
of an 11D centered field. What we show is that, even if the variance of the 11D
variables is arbitrarily small and in spite of the fact that the wall is essentially
flat, the repulsion asymptotics may change, in the sense that the right—hand side
of formulas (1.5) and (1.6) change, according to the tail asymptotics of the 11D
variables. Let usbemoreprecise: let o = {0, },cz« bethellD field modeling the
wall: o and ¢ areindependent. Here for ssmplicity we assume og ~ N (0, Q),
Q > 0, but Theorem 1.2 below holdswith no change for more general variables
with almost Gaussian upper tails, see [2, Hypotheses H-2 and H-3]. The case
in which the upper tail of o¢ (by upper tail we mean the asymptotics of the
probability that og is positive and large) is sub— or super—Gaussian is easier and
less interesting for reasons that are probably intuitive, see[2].

Giveno € RZ and A C Z¢, the o—entropic repulsion event on A is defined

by
Q, ={p:¢. >0, forevery x € A}. (1.8)
We use the shortcut notation Q, , = Q7 .
The way in which we introduced the model up to now is clearly aiming at
quenched results: we are choosing a P-typical configuration o and we keep
it fixed (while ¢ is considered random). There is however another natural
viewpoint: we may average both o and ¢ and that is what we mean by an-
nealed case. In this case, with abuse of notation, ija is rather the event
{(0, 9) : ¢, > o, for every x € A}.
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Theorem 1.2. [2, Theorem 1.1] We have that

1 1
lim ——— logP (Q7, = lim ———— logP QP (Q,
N—o00 Nd—zlogN 9 ( N’U) N—00 Nd_2|OgN gF® ( N,U) (19)

= —2(G + Q)Cap(D).
P(do)-as..

The point that we want to stress hereisthat quenched and anneal ed probability
asymptotics coincide to leading order. Thisfact is exploited in the proof in [2],
in the sense that there we have proven an annealed upper bound and a quenched
lower bound, and the two coincide: a priori we know that an upper bound on
the probability asymptotics for an annealed model is also an upper bound on
the probability asymptotics for the associated quenched model (See Lemma 2.2
below) and, analogously, a quenched lower bound is also an annealed lower
bound, and therefore the proof is completed with no further effort. We refer to
these bounds as quenched-annealed comparisons.

Of course aso aresult analogous to Theorem 1.1 (part (2)), is available [2,
Theorem 1.2]: forthemeasureP (- |2}, ) onehastochoosea < +/4(G + Q) <
b. Itisnot difficult to extract from this (or to prove directly) an annealed result
saying that the ¢ field isrepelled to height \/4(G + Q)log N andthat theo field
isleft essentially unchanged.

1.3 Rough substrate: astrongly correlated case

It has been pointed out in [2] that the proof of Theorem 1.2, while possibly
generalizableto weakly interacting o —fiel ds (with approximately Gaussian upper
tails), breaks down if the o field is strongly correlated. With the result that we
present in this note we make that observation precise by dealing at the sametime
with acase of interest. Set up and notations coincide with the onesof § 1.2, with
the (crucial) exception that thistime o isitself an harmonic crystal, in the sense
that it hasthe samelaw as s, for s € R.

Theorem 1.3. For the quenched model we have that for every s
i 1 + 2
P(do) — a.s., while for the annealed one, still for every s, we have that

. 1
[\!L)moo m |Og P® ]P) (Q-il\—’,g) = —2GCap(D) (lll)
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Theresult that requiresaproof isthefirst, that is(1.10), sincethe second oneis
an immediate consequence of Theorem 1.1, part (1): infact ¢ — o ~ /1 + s2¢
(here of course ~ denotes the equivalence in law) and 3, isinvariant under the
application ¢ —> cg, ¢ apositive constant.

For what concernsinstead (1.10) we separately provelower and upper bounds.
In view of the statement we want to prove, it should be clear that the quenched—
annealed comparison strategy of [2] is doomed for s # 0. In spite of this, the
proof that we present here is still based on a quenched—annealed comparison,
but it is applied at a different stage of the proof (we do not try to explain this
point further here, but invite the reader to have a look at Remark 2.3, where
the rather intuitive procedure is summed up). On the other side the quenched
lower bound is proven here by directly upgrading the proof in [2]: it isamatter
of having a (sharp, to leading order) bound on the number of sites in which
typical o configurations exceed alevel ,/aTogN, a > 0, inthedomain Dy. It
turns out that independent fields and harmonic crystals cannot be distinguished
by looking, to leading order, at these quantities. This fact, due to the strong
correlations of the harmonic crystal, may be somewhat surprising, but ultimately
it lies behind several proofs on and around entropic repulsion problemsin high
dimension [12]. The situation changes, to a certain extent, if d = 2 [5].

In this note we also prove the following result on the path properties:

Proposition 1.4. Fixs € R. Foranya < \/4(1+s%G < bandany s > 0

N—o0

lim P(Z 1 <<px/,/logN> < (1—&)|Dy| Q;U) —0, (112

xeDy

P(do)-as..

From thisresult we can see that also at the level of path properties quenched=£
annealed. We give hereaquick argument inthe cases = 1: inthe annealed case
itisimmediateto apply Theorem 1.1 (part 2) to seethat thetwofieldsarerepelled
approximately at a distance /8G log N, like in the quenched case. However,
by symmetry, the quenched path behavior (o closeto level zero and ¢ close to
level ./8G Tog N with probability close to one) is clearly incompatible with an
annealed path behavior.

Remark 1.5. One can generalize the quenched results (1.10) and Proposi-
tion 1.4 to the case of ¢ and o harmonic crystals defined via more general
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symmetric random walks and even to the interesting case in which two different
random walks define respectively ¢ and o. The precise framework that we have
inmind isthat of [4] and [3]. It sufficesto replace (1 + s2)G in both statements
by G + G, with G = var (op), while the capacity is still the one associated to
the generator (or Laplacian) of the random walk defining ¢. The proof of the
probability upper bound in this caseisdightly moreinvolved, since ¢ — o, under
P®P, is no longer an harmonic crystal. This difficulty is however overcome
by following corresponding steps in the upper bound argument in [3]. For the
annealed results in this set—up we have only partia results up to now and the
problem seems to demand a new strategy.

2 Theproofs

For sake of compactness we limit ourselvesto s = 1. Only trivial changes are
needed to handle the general case. The organization of this section is straight-
forward: in 82.1 and §82.2 we prove (1.10) and in §2.3 we prove Proposition 1.4.
2.1 Proof of (1.10): lower bound

With respect to earlier work, establishing that

liminf ;NMQIP’(Q;,U) > —4GCap(D), P(do)—as. (2.1)

N—oo N9-2|og

requires getting a (sharp, to leading order) upper bound on the number of high
excursion of the o fieldinthebox Dy. Thisisprovided by the following lemma
and the rest of the proof isidentical to the onein [2, 8§2].

Lemma 2.1. For every o € (0, 2dG) and every 8 € (0, «), with

Ave ::{erDN:axz\/WH2|DN|N*%}, (2.2)

we have that P(Ay , 1.0.) = 0.

Proof. Wewriteo = ¢® + 6@, with c® and ¢® independent Gaussian
centered fields specified by

E(oP0Y) = G.(x,y) and

2.3
E(f’fz)ay(z)) = G(x,y) — G:(x,y), x,yeZ, (23)
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with ¢ € (0,1) and G,(-, -) is the Green function of the random walk X® =
{X®}, that at each time has a probability ¢ of death (i.e. of jumping to an
absorbing state that we add to the state space Z¢) and with probability (1—¢)/2d
jumpsto one of the nearest neighbors. Itiseasy to verify, for exampleviaFourier
transform, that

o thereexistsm(s) suchthat (0 <)G.(x, y) < exp(—m(e)|x — y|), at least
if |x — y| issufficiently large;

e G(-,-) — G.(-,-) ispositive definite, in the sense of [11, Ch. 13], soitis
a covariance (infinite dimensional) matrix. Moreover

e—0

G(0,0) - G.(0,00 — O.

We observe now that
= (max o® > «/(SN) < |Dy| P<a(§2) > ,/5logN>
x€Dy (2.9

< ¢NI-06/26-Go)

with G, = G.(0, 0) and therefore, by Borel-Cantelli lemma, whenever § >
2(d +2)(G — G.), P(do)-as. for N sufficiently large max,cp, o issmaller
than \/§Tog N. In view of this we are left with proving Lemma 2.1 with o
replaced by oY and G replaced by G..

Unlike G(-, ), G.(-,-) is fast decaying, and so for every ¢ > 0 the sum
T =), Ge(x, y) isfinite. Thisimpliesthat thefield oV ishypercontractive
[10] and therefore (see [6]) there exists K = K(X.) > 1 such that for every
bounded measurable f

E { I f(f%f”)} < (E Uf (aé”)\K])WKN- (25)

xeDy

Of course this property is the substitute for the independence.
Define N, = |{x € Dy : 0® > /aTogN}| and choose

) =exp (1 - arogm))
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in (2.5), so that
E (E.‘Xp (ﬁ“)) =E ( exp (1{o§1)>W}))
xeDy
= (E(ep (Ko sermm))) * (2.6)
K

oK _ 1) P (Gél) > W))CNJ/K

<exp (c/N”"%e),

Il
/N
|_\
+
—_~

wherec > 0issothat cN? < |Dy| and ¢’ = ¢/(K) > 0. By Markov inequality
P (ﬁa > N"‘%) < exp (c/Nd‘ﬁ - Nd‘%), (2.7)

and, since 8 < a < 2dG,, from the Borel—Cantelli lemma we deduce the
assertion. O

2.2 Proof of (1.10): upper bound
The aim isto show that P(do)—as.

limsup

- + _
MSUp g og 1097 (Ps) = ~4GCap(D). (2.8)

The proof of (2.8) is based on a 2—scale dilution procedure and for this we
need some notation, summed up in Figure 1. Choose an even natural number L
andfor y € 2L7Z% set

B(y) = BL(y) = {X P max lx; — yil = L/Z} , (2.9)

yees

(B(y) are the walls of the L-box surrounding y). We denote by A. the set of
y € 2L7¢ suchthat B(y) C Dy andwelet A = [J,.,, B(y). Clearly

P(Q4,) <P(Qiua.) <P(QL,)- (2.10)

Let g(z) = g1.(z) be the probability that a simple random walk leaving y hits
B(y) at z andfor y € R% set My(¥) = ¥, _5(,) 2(2) %= (M, () isaweighted
average of ¥ on B(y)).
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Figure 1: The 2—scale decomposition for the upper bound: on theleft the macro-
scopic domain and the small (¢ « 1) macroscopic boxes decomposition; on
the right we zoom xN on a small macroscopic box and the large (L > 1)
microscopic boxes become visible.

Asasecond step wetake 6 > 0 and we consider the inner 0—discretization of
D: thatisforr € 077, set A, = r +[0,0)? and define = 1(0) = {r € 6Z¢ :
A, C D} (assume I # (). Now define C, = NA, N A, (the set of the black
dotsin Figure 1) and remark that |C,| = (N0/2L)*(1 + o(1)).

For every o and for positive n and « let us consider the event

E, = {(p : there exists r € I such that

v e Cr iy = Valogh +ay)| = n|cr|}.

The key point of the proof is to show that if « < 4G then the probability of
Qy , N E7, isnegligible, in the sense that for L sufficiently large it is smaller
than exp(—cN¢~2log N) for every c. We do not prove this directly, rather we
make a detour via an annealed estimate that will serve our purposes since we
have the following result (for a proof see for example[2, Corollary 3.2]):

(2.11)

Lemma2.2. Suppose that { Fiy , } v is for every o a sequence of events which are
measurable with respect to ¢ and that 17, _(¢) is a measurable function jointly
with respect to ¢ and o. Suppose moreover that P ® P (FN,(,) < exp(—ay) for
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asequence {ay}y of positive numbers such that ), exp(—eay) < oo for every
¢ > 0, then P(do)-a.s.

IimsupilogIP)(FN’g) <-1 (2.12)

N—oo 4N

Aiming at bounding P (E{ ), we estimate the P ® P—probability of the event

E,o= i(a, @) : thereexistsr € I such that
(2.13)

|@ea:%w—ws¢Mmanwm}

rather than the P—probability of £7 ,. One may already find this estimate, pre-
cisaly (2.16) below, in [6] (with asllghtly different proof) and in [12]: we give
the details for completeness. By the markovianity of ¢ and o,

PRP (s, ,) = E®E []_[ P®IP< —0, > O|fB(V)) QX:| . (214)
yeA
Observe now that, under P ® P( - |f30))(z// 0),

Yy =0y ™~ N( Z q@) WYz — p2), ZGL)»

z€B(y)

where G is a positive number with the property that G, / G asL / oo
(of course G, of 8.1 and G, are two different quantities). Now let us choose
o < 8G and observethat on E, ,,

I1 P®P(¢y —o, > o\fB(\,)

yeA,
_ My(p — o) s\
I oo () < )

YEA,

(2.15)

where r isany element of I and ¢’ € (0, 8G; — ). Then for sufficiently large
N, asuitable constant ¢/ and some ¢ > 0, we have that

PRP (2, NEy.) <exp(—cN‘ ). (2.16)
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Transferring this annealed estimate to a quenched one is a matter of applying
Lemma2.2: P(do)—as. for N sufficiently large

]P’(Elr st Hy € C, i My(¢) < JalogN + My(a)H > nlC,: Q;’U>
< exp(—cN9™2*¢/2). (2.17)

We use now the fact that { (¢ — o), — M, (¢ — G>}VGAC isan 11D family of ran-
dom variables with variance bounded by G: large deviations for such a family
of random variables have speed N¢ and therefore for our purposes they are neg-
ligible. In particular the estimate (2.17) holds also if we replace the event with
QX,(, NE;, Ej,isdefinedin (2.11), possibly by choosing « slightly smaller
and n dightly larger, thus by eguation (2.10) and in view of the result that we
want to obtain we may restrict to 5 , N (E7,)%. On @}, N (EZ,)C, for every
r € I thereareat least (1 — n)|C,| Sitesy € C, suchthat ¢, > JaTogN + o,
and in the remaining (at most |C.|) Sites¢, > o, anyway. Therefore for every
choiceof f, > 0,r € I,

E:Uy

yeCy

. (2.18)

> hig Yooz - nValogN Y f - Y i

rel yeCy rel rel

We observethat by the multidimensional ergodictheorem (seee.g. [11, Appendix

N—o00

14.A]), P(do)-as, for every r € 1(9), wehavethat | Y, . o,|/|C,| — 0,
thus for N sufficiently large '

Sl Lo za-a/eogN (219

rel yeCy rel

What we have shown is that the (upper and leading) Laplace asymptotics of
PP (2} ,) are dominated by the Laplace asymptotics of the probability of the
event specified by the condition (2.19). Therefore what is left is a Gaussian
computation and the result is obtained by performing, in order, the limit as
N = oo,a /4G, L / oo, n N\, 0and 6 N\ 0. The optimization over the
choices of {f,},¢; with the use of the second line in (1.3) yields the capacity
term. The details of this part may be found in [6], but alsoin[2] or [12]. O

Remark 2.3. Let ustry to put in words the proof we just presented: theinitial
and, to a certain extent, key step in the proof of the upper bound for (1.5) isto
establish that the repul sion event restricted to trajectories ¢ which stay below the
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level ~ /4G Tog N, in apositive (even very small) density of sites, isnegligible.
It is then sufficient to work with the rest of the trgjectories and for these it is
possible, viaanice trick, to reduce the estimate to a Gaussian computation [6].
Using the fact that ¢ — o is till an harmonic crystal in the annealed case, one
gets immediately the corresponding annealed estimate involving ¢ — o, instead
of ¢ done, and so ¢ — o isforced to beroughly at distance at least ~ /8G log N
on a set of density close to one. The estimate is then passed to the quenched
set—up by quenched—-annealed comparison and then transfered to the condition
that ¢ hasto be at least aslarge as~ /8G log N on aset of density closeto one,
since by ergodicity o isof order 1 on a set of density one.

2.3 Path estimates. proof of Proposition 1.4

The proof of the upper bound on the probability essentially contains already the
proof of the lower bound on the height. We know in fact that for ¢ > 0, n > 0,
o < 8G and L sufficiently large we have that

limsup ——— N 1 —logP (E7, N2y,) <O. (2.20)
N—o00

P(do)—as.. Noticethat thisresult, needed for the preci se probability asymptotics
isbeyond what we need: for the path estimateit is sufficient to remark that if ¢ €
E7 ,thenthereareat least (1—2n)| A.| sitesof A, forwhichg, > JalogN+oay.
The ingredients to conclude at this point are:

« by the probability lower bound weknow that — logP (€2}, ,,) isof theorder
of N4~2log N so that dividing the probability in left-hand side of (2.20)
by P (2}, ) (and thus conditioning with respect to 2}, , ) does not change
the estimate;

* thefact of having the estimate only for the sublattice A, isnot aproblem:
it suffices to repeat a finite number (O (L%)) of times this argument by
shifting the set of centers A,;

* again by ergodicity we know that, P(do)—as.,
l{x € Dy : 0, = M}| /|Dy| "= P(og = M)
which of course vanishes as M tends to infinity. That is, o can be large

only on avanishing density subset of Dy.
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Putting everything together onedirectly obtainsthat for every § > Oanda < 8G,
P(do)-as.

lim IP’(l{x € Dy : ¢y < JalogN}| > 8| Dy |Q;)0> —0. (2.21)

For what concerns the upper bound on the height, the ingredient missing in
the proof that we presented in [2] is Lemma 2.1, the rest requires no change. O
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